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p-ADIC FUNCTIONALS ON TORSION-FREE ABELIAN
GROUPS
GREGORY R. MALONEY
Abstract. Let p be a prime. A p-adic functional on a torsion-free
abelian group G is a group homomorphism from G to the p-adic
integers. The group of all such p-adic functionals is viewed as a
p-adic dual group of G, and is studied from the point of view of
functional analysis. An analogue of the Hahn–Banach Theorem is
proved; this result shows that there are sufficiently many p-adic
functionals to be interesting.
There is a natural homomorphism from G to its p-adic double
dual, and one main result that is proved is that the image of G in
this double dual is dense in an appropriate topology. This is used
to prove the second main result, which says that the p-adic double
dual of G is the same as the pro-p completion of G.
The theory of p-adic functionals can then be used to produce a
matrix description of G if G has finite rank. This matrix descrip-
tion is related to other matrix descriptions due to Kurosch and
Malcev.
Es wa¨re sehr nu¨tzlich, noch einige tieferliegende Verbindun-
gen zwischen p-adischen Zahlen und primitiven Gruppen
zu finden—sie existieren wahrscheinlich—um diese The-
orie mehr begrifflich zu machen und insbesondere schwierige
Berechnungen [. . . ] zu eliminieren.
—Alexander Kurosch [11]
1. Introduction
Let p be a prime and let G be a torsion-free abelian group. The
subject of this work is the group Hom(G,Zp) of p-adic functionals on
G. This group is viewed as a p-adic dual of G, and is studied using
the techniques of functional analysis. This is a novel approach that
adds clarity to a difficult area of study. To emphasize this approach,
the notation G∗p is used instead of Hom(G,Zp). It is shown that an
analogue of the Hahn–Banach Theorem (Proposition 3.13) holds in
this setting; broadly speaking, this means that G∗p contains enough
functionals to be interesting.
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2 GREGORY R. MALONEY
There is a natural homomorphism of G into its p-adic double dual,
G∗p∗p, and one of the main results of this work is that the image of
G is dense in the relative topology that the double dual inherits as
a subspace of ZG∗pp (Theorem 3.31). As a submodule of the free Zp-
module ZG∗pp , G∗p∗p is also a free Zp-module. Thus, in particular, it is a
pro-p group, and the pro-p topology agrees with the relative topology.
There is another pro-p group, called the pro-p completion of G, that
shares this same property of having a homomorphism from G into it,
the image of which is dense. Moreover, the pro-p completion satis-
fies a universal property, which implies that there exists a continuous
homomorphism from the pro-p completion to the p-adic double dual.
The main result of Section 4 is Theorem 4.3, which states that this
homomorphism has a continuous inverse, so the pro-p completion and
the p-adic double dual of G are continuously isomorphic (in a way that
preserves the image of G in each of them).
The Zp-modules G∗p, as p ranges over the set of all primes, give
enough information to reconstruct the isomorphism class of the torsion-
free abelian group G. Section 5 describes how this is done in the
finite-rank case; in particular, if G has finite rank, then Theorem 5.10
provides an isomorphism invariant for G. (For a torsion-free abelian
group G, let us use the term rank to refer to the torsion-free rank of G,
that is, the size of any maximal independent subset.) This invariant is
a matrix description of G that is related to others due to Kurosch and
Malcev from 1937 and 1938 respectively (see [11] and [13], or [10] for
a more modern description of the latter, with applications to develop-
ments since then).
1.1. History. This work contributes to the classification and descrip-
tion of torsion-free abelian groups, which is an area with a long history—
an excellent overview of the theory is given in [1]. In 1937, Baer [2]
classified the torsion-free abelian groups of rank one using an invariant
called the type of the group, which is an equivalence class of supernat-
ural numbers.
At the same time, Kurosch [11] and Malcev [13] developed matrix
descriptions of a finite-rank torsion-free abelian group. Definitions 5.2
and 5.7 and Theorem 5.10 from Section 5 provide a matrix description
that is related to these.
The results here are most closely related to work of Warfield from
1968 [18], in which, for a rank-n group M and a rank-1 group G,
Warfield considers the dual Hom(M,G) and the double dual Hom(
Hom( M,G), G), and gives necessary and sufficient conditions for the
natural homomorphism from M to the double dual to be an isomor-
phism.
The functional analysis approach that is used here is modelled af-
ter the theory of functional analysis on partially ordered torsion-free
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abelian groups, an excellent reference for which is the book [6]. In
particular, the p-adic Hahn–Banach Theorem that is proved here is
modelled after Lemma 4.1 and Proposition 4.2 of [6] (originally from
[7]).
The matrix description of finite-rank torsion-free abelian groups that
appears in Section 5 is one of the main results of this work (although
by no means is it the only one). Given that it is closely related to
the matrix descriptions of Kurosch and Malcev, it would be natural to
ask: What is new in this work that is not already present in the works
of those authors? In response to this question, I would point to the
epigraph that precedes this introduction. This epigraph is a quotation
from Kurosch, in which he acknowledges that his matrices arise from
a difficult sequence of calculations, and calls for a better theoretical
understanding of the relationship between torsion-free abelian groups
and p-adic integers. The theory of p-adic functionals that is introduced
here subsumes most of the difficult calculations, making them invisible,
and so represents a clear answer to Kurosch’s entreaty. There is the
added bonus that the matrices in the present work are simpler than
Kurosch’s or Malcev’s in that they have fewer rows.
Furthermore Theorem 4.3, about the pro-p completion of a torsion-
free abelian group, is another consequence of this theory, and to my
knowledge this result is entirely new.
1.2. Notation. Let p be a prime. Zp denotes the ring of p-adic integers
and Qp denotes its field of fractions. The p-adic absolute value of an
element α of Qp or Zp is denoted by |α|p. If n ∈ N and R is a ring, then
Rn denotes the module consisting of n× 1 columns with entries in R,
while (Rn)∗ denotes its dual consisting of 1×n rows. If m,n ∈ N, then
Mm×n(R) denotes the module of m × n matrices over R. For r ∈ Rn,
rt denotes its transpose in (Rn)∗. For A ∈ Mm×n(R), At denotes its
transpose in Mn×m(R). For v = (v1, . . . , vn)t ∈ Znp , the norm ‖v‖p is
defined by ‖v‖p := max1≤i≤n{‖vi‖p}. Let G be a torsion-free abelian
group and S a subset of G. Then 〈S〉∗ denotes the pure subgroup of G
generated by S; that is, 〈S〉∗ := {g ∈ G : ng ∈ 〈S〉 for some n ∈ N}.
1.3. Outline. Section 2 contains examples of torsion-free abelian groups
with calculations of their p-adic functionals.
Section 3 is the biggest section, and introduces the notation and ter-
minology of p-adic functionals. It includes a discussion of the p-adic
topology on a torsion-free abelian group G (Section 3.1); the statement
and proof of an analogue of the Hahn–Banach Theorem (Proposition
3.13 in Section 3.2); results about the dual space of all p-adic function-
als on G (Section 3.3); and results about double dual spaces, including
the fact that the natural homomorphism from G to its double dual has
dense image (Theorem 3.31 in Section 3.4).
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Section 4 contains a proof that the p-adic double dual of a torsion-free
abelian group G can be naturally identified with the pro-p completion
of G (Theorem 4.3).
Section 5 uses the theory of p-adic functionals to classify finite-rank
torsion-free abelian groups up to isomorphism; this is the content of
Theorem 5.10. The classifying invariant is a sequence of matrices that
is related to Malcev’s matrices, and is subject to the same equivalence
relation as Malcev’s matrices [13], although these matrices have fewer
rows.
2. Examples
This section contains two examples to illustrate the theory. The
groups in both of these examples are inductive limits of stationary in-
ductive sequences of finitely-generated free abelian groups—see [4] for
previous results about these groups, including a classification up to
quasi-isomorphism. There has already been work done on the real-
valued functionals on ordered abelian groups that are inductive limits
of stationary inductive sequences of simplicial groups (see [8] and [14]).
The p-adic theory is similar to the theory in the ordered case: in partic-
ular, p-adic functionals come from rows that are combinations of certain
left eigenvectors of a matrix representation of the homomorphism from
the stationary inductive sequence [15, Theorem 4.9].
Example 2.1. Consider the matrix A =
(
1 1
1 4
)
. The characteristic
polynomial of A is χA(x) = x
2 − 5x + 3, which has roots x = 5±
√
13
2
.
These roots, being algebraic integers, have 3-adic absolute value at
most 1, and, as their product is detA = 3 and their sum is TrA = 5,
exactly one of them must have 3-adic absolute value less than 1. Let
us use the symbol λ to denote this eigenvalue. Then eigenvectors of A
associated to λ and its algebraic conjugate, 5 − λ, can be taken to be
v1 :=
(
λ−4
1
)
and v2 :=
(
1−λ
1
)
.
Consider the torsion-free abelian group G =
⋃∞
n=0A
−n(Z2). Z is
dense in Z3, so, as Z2 ⊆ G, G contains elements that are arbitrarily
close to v1 and v2 in the norm ‖ · ‖3. In particular, the sequence(−1
1
)
,
(−7
1
)
,
(−7
1
)
,
(−34
1
)
,
(−115
1
)
,
(
128
1
)
, . . .
has the property that its nth element is divisible by 3n in G, and this
sequence converges to the λ-eigenvector
(
λ−4
1
)
of A.
There is a metric on G called the 3-adic metric (Definition 3.2) that
says that an element is small if it is divisible in G by high powers of
3. Write g ∈ G as g = α1v1 + α2v2; then it can be proved that g is
divisible by high powers of 3 if and only if |α2|3 is small. (Here is the
idea of the proof: g ∈ 3nG if and only if Gkg ∈ 3nZ2 for some k ≥ 0.
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But Gkg = λkα1v1 + (5 − λ)kα2v2, and |λk|3 = 3−k, which is already
small in p-adic absolute value, so Gkg will be small in the 3-adic sense
if and only if |(5− λ)kα2|3 = |α2|3 is small.)
Any group homomorphism f : G → Z3 can be represented as left
multiplication by a row in (Z2p)∗, and any such row has the form
β1v
t
1 + β2v
t
2, where β1, β2 ∈ Z3. As A is symmetric, vt1 and vt2 are
left eigenvectors associated to λ and 5− λ respectively. The fact that
f : G→ Z3 is a group homomorphism implies that it must be continu-
ous with respect to the 3-adic metric on G, which happens if and only
if β1 = 0 (this is a consequence of the fact that v
t
1v2 = 0, so the v
t
1 com-
ponent of f kills the component of g that determines how 3-divisible g
is).
Thus, up to multiplication by a scalar, there is a unique group ho-
momorphism f : G → Z3, which is given by left multiplication by vt2.
The image under f of G is
(1− λ, 1)
∞⋃
n=0
A−n(Z2) = (5− λ)−n(1− λ, 1)Z2
= {(5− λ)−n[(1− λ)a+ b] : n ≥ 0, a, b ∈ Z}
=
{(λ
3
)n
(cλ+ d) : n ≥ 0, c, d ∈ Z
}
.
f is an isometry, so G is in fact isomorphic to this image, which is a
subgroup of Z3 because λ/3 ∈ Z3.
The group in the next example admits two independent 3-adic func-
tionals.
Example 2.2. Consider the matrix B =
 0 0 −31 0 −1
0 1 −1
. The charac-
teristic polynomial of B is χB(x) = x
3 + x2 + x + 3; let us denote the
roots of this by λ, µ, and ν. The product of these roots is detB = −3,
so at least one of them—say λ—has 3-adic absolute value less than
1. But λµ + µν + νλ = 1, so |µ|3 = |ν|3 = 1. It is a consequence
of the Newton Polygon Theorem [3, Theorem 6.3.1] that λ ∈ Q3, and
hence λ ∈ Z3, although the Theorem does not say anything µ and ν.
wλ := (1, λ, λ
2), wµ := (1, µ, µ
2), and wν := (1, ν, ν
2) are left eigenvec-
tors of B associated to the eigenvalues λ, µ, and ν, respectively. Let
vλ, vµ, and vν denote corresponding right eigenvectors.
Consider the torsion-free abelian group H =
⋃∞
n=0B
−n(Z3). Any
element g ∈ H can be written as a combination g = αλvλ+αµvµ+ανvν ,
but in this case the coefficients will lie in the splitting field K of χA(x)
over Q3. As was the case in Example 2.1, g is divisible by high powers
of 3 if and only if αµ and αν are small in the extension of the 3-adic
absolute value to K. Thus the only group homomorphisms from H
into Z3 are the combinations of wµ and wν .
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Using the facts that λµν = −3, λµ+µν+νλ = 1, and λ+µ+ν = −1,
we can calculate
wµ + wν = (2,−1− λ,−1− λ2) ∈ (Z33)∗
and νwµ + µwν = (−1− λ, 2 + 2λ+ 2λ2, 2− λ− λ2) ∈ (Z33)∗.
Any homomorphism f : H → Z3 can be written as a Z3-combination
of these two rows. (This follows from a rank argument: the group
Hom(H,Z3) is a free Z3-module, its rank cannot exceed 3, it does not
contain any non-zero multiple of wλ, and we have found two indepen-
dent rows that it does contain.)
3. p-adic functionals
The goal of this section is to study the group Hom(G,Zp), of homo-
morphisms from a torsion-free abelian group G into Zp, from a func-
tional analysis point of view. To emphasize this point of view, these
homomorphisms will be referred to as p-adic functionals on G.
Definition 3.1. Let p be a prime and let G be a torsion-free abelian
group. Then a p-adic functional on G is a group homomorphism f :
G→ Zp.
The starting point of this work is Proposition 3.13, which is an
analogue of the Hahn–Banach Theorem for the setting of torsion-free
abelian groups. Proposition 3.13 says that if f is a Zp-valued group
homomorphism on a subgroup H of G and f is t-contractive for some
p-adic sublinear pseudometric t (Definition 3.10), then f extends to
a p-adic functional on G that is also t-contractive. This allows us to
establish the existence of p-adic functionals on G with desired proper-
ties by first finding functionals with those properties defined on some
subgroup and then extending them to all of G.
A consequence of this theory is that the group of all Zp-valued ho-
momorphisms on G (which will be denoted by G∗p to emphasize the
functional analysis point of view) contains enough functionals to be
interesting. Section 3.3 deals with this group, both as a topological
space and as a torsion-free abelian group.
The elements of G are themselves p-adic functionals on G∗p, and
there is a homomorphism from G into the double dual group, which
consists of p-adic functionals on the group of p-adic functionals on G.
It will be shown in Section 4 that this double dual group G∗p∗p coincides
exactly with the pro-p completion of G. This result provides a means
of describing the pro-p completion of G, which is interesting in itself.
p-adic functionals are a Zp-submodule of the set of Qp-valued group
homomorphisms on G that are contractive with respect to a certain
pseudometric; let us describe this pseudometric now.
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3.1. The p-adic pseudometric. If g is an element of a torsion-free
abelian group G and n ∈ N, let us say that g is divisible by n or n-
divisible in G if there exists h ∈ G such that nh = g. Let us say that
G is n-divisible if each element of G is n-divisible.
Definition 3.2. Let G be a torsion-free abelian group and p be a prime.
Define the p-adic pseudometric dp on G by
dp(g, h) = p
−k,
where k is the non-negative integer that is maximal with the property
that g − h is divisible by pk. If g − h is divisible by unbounded powers
of p, then dp(g, h) = 0.
The reader is invited to verify that dp satisfies the definition of a pseu-
dometric; indeed, it satisfies the strong triangle inequality: dp(g, h) ≤
max{dp(g, z), dp(z, h)}, where g, h, and z ∈ G. dp also satisfies an ab-
solute scalability condition: if g, h ∈ G and n ∈ Z, then dp(ng, nh) =
|n|pdp(g, h).
dp is a metric if and only if 0 ∈ G is the only element that is divisible
by arbitrarily high powers of p; in this case, let us refer to it as the
p-adic metric. dp is bounded: dp(g, h) ≤ 1 for all g, h ∈ G.
The topology arising from the p-adic pseudometric is called the p-
adic topology in [9].
Let us use the symbol Gp to denote the subgroup of G containing
all elements that are divisible by arbitrarily high powers of p. It is not
difficult to verify that Gp is a pure subgroup. Given a subgroup H of
G, let H
p
denote the closure of H in the topology arising from dp. Note
that {0}p = Gp, so Hp contains Gp for all subgroups H.
The following lemma will be useful later, when proving Lemma 4.2,
which is used to prove Theorem 4.3, one of the main theorems. It says
that, if H is a subgroup of G such that any element of G/H has order
dividing pm, then any element g ∈ G that is not in H must lie at a
distance of at least p−m from H. In particular, this implies that if
[G : H] = pm, then H = H
p
.
Lemma 3.3. Let p be a prime, let G be a torsion-free abelian group
with p-adic pseudometric dp, let H be a subgroup of G, and let m ∈ N.
Then the following are equivalent.
(1) The order of any element g +H ∈ G/H divides pm.
(2) If g, g′ ∈ G and dp(g, g′) ≤ p−m, then g +H = g′ +H.
Proof. To prove that (1) implies (2), suppose that g, g′ ∈ G are such
that dp(g, g
′) ≤ p−m. This means there exists h ∈ G such that pmh =
g − g′. But by (1), pmh ∈ H, so
g +H = g − g′ + g′ +H = pmh+ g′ +H = g′ +H.
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To see that (2) implies (1), pick g ∈ G. Then
dp(p
mg, 0) = p−mdp(g, 0) ≤ p−m,
so, by (2), pmg +H = 0 +H, that is, pmg ∈ H. 
The following lemma establishes that the closure of a pure subgroup
is pure.
Lemma 3.4. Let p be a prime, let G be a torsion-free abelian group,
and let H be a pure subgroup of G. Then H
p
is also a pure subgroup.
Proof. It is easy to verify that H
p
is a subgroup: if g, g′ ∈ Hp, then
given  > 0 we can find h, h′ ∈ H such that dp(g, h), dp(g′, h′) < , in
which case dp(g + g
′, h+ h′) ≤ max{dp(g, h), dp(g′, h′)} < .
To see that H
p
is pure, suppose ng ∈ Hp for some n ∈ Z\{0}
and g ∈ G. This is equivalent to saying that dp(ng + H, 0) = 0 in
the quotient group G/H, which is torsion-free as H is pure. Thus
ng + H ∈ (G/H)p, which is pure in G/H, so g + H ∈ (G/H)p, so
g ∈ Hp as well. 
Closed pure subgroups will play a role in what follows, so it will be
useful to give a name to such subgroups.
Definition 3.5. Let p be a prime and let G be a torsion-free abelian
group. Let us use the term p-ideal to refer to any pure subgroup of
G that is closed in the topology arising from dp. Let us say that G is
p-simple if Gp is the only proper p-ideal of G.
The group G in Example 2.1 is 3-simple: it has many proper non-
trivial pure subgroups, each of which is isomorphic to Z, but the closure
of any of them in the metric d3 is all of G.
Given a family (Jλ)λ∈Λ of p-ideals of G, the intersection
⋂
λ∈Λ Jλ is
again a p-ideal. The sum of the Jλs is not necessarily pure or closed, but
〈⋃λ∈Λ Jλ〉∗p is a p-ideal, and is clearly the smallest one that contains
each Jλ. Thus the set of p-ideals of G forms a complete lattice where the
partial order is given by inclusion. The minimal p-ideals—namely, the
elements of this lattice that have nothing except Gp below them—are
of particular interest.
Definition 3.6. Let p be a prime and let G be a torsion-free abelian
group. A p-ideal J of G is called minimal if it properly contains Gp,
but does not properly contain any other p-ideal of G.
Lemma 3.8, below, establishes that a singly-generated p-ideal is min-
imal. The proof of this fact uses the following lemma, which will also
be used later to show that a p-ideal can be separated from an element
not in its closure using a p-adic functional (Corollary 3.16).
Lemma 3.7. Let p be a prime, let G be a torsion-free abelian group, let
g ∈ G, and let H be a pure subgroup of G. If the distances {dp(g, h) :
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h ∈ H} are bounded below by  > 0, then the values { 1|n|pdp(ng, h) : h ∈
H,n ∈ Z\{0}} are also bounded below by .
Proof. Suppose otherwise, and let n ∈ N be minimal with the property
that 1|n|pdp(ng, h) <  for some h ∈ H. Let us show first that n is not
divisible by p.
Suppose for a contradiction that p that divides n—say n = pn′ for
n′ ∈ N. The assumption that dp(ng, h) < |n|p < 1 implies that ng− h
is p-divisible. Combined with the obvious fact that ng is p-divisible,
this implies that h is p-divisible—say h = ph′ for some h′ ∈ H. But
then 1|n′|pdp(n
′g, h′) = 1|n|pdp(ng, h) < , contradicting the minimality of
n. Thus n is not divisible by p.
Consider the element g +H ∈ G/H. As H is pure, G/H is torsion-
free. dp(ng, h) <  in G, so dp(ng +H, 0) <  in G/H. But p does not
divide n, so dp(g + H, 0) = |n|pdp(g + H, 0) = dp(ng + H, 0) < . But
the statement that dp(g + H, 0) <  in G/H implies that dp(g, h) < 
in G for some h ∈ H, which is a contradiction. 
Lemma 3.8. Let p be a prime, let G be a torsion-free abelian group,
and suppose that g ∈ G\Gp. Then 〈g〉∗p is a minimal p-ideal.
Proof. 〈g〉∗p is certainly a p-ideal; to see that it is minimal, let us
suppose that it properly contains another p-ideal H and show that
H = Gp. Choose h ∈ H and consider the p-ideal 〈h〉∗p. By assumption,
g is not in this p-ideal, so there exists  > 0 such that dp(g, h
′) >  for all
h′ ∈ 〈h〉∗. By Lemma 3.7, the values { 1|n|pdp(ng, h′) : n ∈ Z\{0}, h′ ∈
〈h〉∗} are also bounded below by .
But the hypothesis that h ∈ 〈g〉∗p means that, for all k ∈ N, there
exists gk ∈ 〈g〉∗ such that dp(gk, h) < p−k. There exist relatively prime
nk ∈ Z and mk ∈ Z\{0} such that mkgk = nkg. Thus dp(nkg,mkh) <
p−k. Combined with the fact that 1|nk|pdp(nkg,mkh) > , this implies
that 1|nk|pp
−k > , that is, |nk|p < p−k/. Thus, given δ > 0, the
value |nk|p can be made less than δ by choosing large enough k. So in
particular, for large enough k, p | nk, and hence p - mk. But then
dp(h, 0) = |mk|pdp(h, 0)
= dp(mkh, 0)
≤ max{dp(nkg,mkh), dp(nkg, 0)}
≤ max{p−k, δ}.
Thus dp(h, 0) = 0, so h ∈ Gp. 
An immediate consequence of Lemma 3.8 is the following.
Corollary 3.9. Let p be a prime, let G be a torsion-free abelian group,
and let H be a p-ideal of G. Then H is minimal if and only if it is
singly generated as a p-ideal and not equal to Gp.
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3.2. A Hahn–Banach Theorem for p-adic functionals. Let p be
a prime, let G be a torsion-free abelian group with p-adic pseudomet-
ric dp, and let f : G → Zp be a group homomorphism (i.e., a p-adic
functional). Then f is automatically contractive (and hence continu-
ous) with respect to the p-adic pseudometric dp on G, meaning that
|f(g1)− f(g2)|p ≤ dp(g1, g2) for all g1, g2 ∈ G. To see this, it is enough
to observe that, if g ∈ G is pn-divisible—say g = pnh for some h ∈ G—
then |f(g)|p = |pnf(h)|p = p−n|f(h)|p ≤ p−n, as |f(h)|p ≤ 1.
If instead f is only defined on a subgroup H of G, then the above
argument shows that, in order for there to exist an extension of f to
all of G, it is necessary that f be contractive with respect to dp. It
turns out that this condition is also sufficient (Proposition 3.13). But
we can say more: if f : H → Zp is contractive with respect to some
p-adic sublinear pseudometric t (Definition 3.10), then f extends to a
p-adic functional on G that is also contractive with respect to t.
Definition 3.10. Let p be a prime and let G be a torsion-free abelian
group with p-adic pseudometric dp. Let t : G×G→ R≥0 be a pseudo-
metric. Let us say that t is a p-adic sublinear pseudometric on G if it
satisfies the following additional conditions:
(1) t(g1, g2) = t(g1 + h, g2 + h) for all g1, g2, h ∈ G (t is translation
invariant);
(2) |n|pt(g1, g2) = t(ng1, ng2) for all g1, g2 ∈ G, n ∈ Z (t is abso-
lutely scalable);
(3) t(g1, g2) ≤ dp(g1, g2) for all g1, g2 ∈ G (t is dominated by dp);
and
(4) t(g1, g2) ≤ max{t(g1, g3), t(g2, g3)} for all g1, g2, g3 ∈ G (t satis-
fies the strong triangle inequality).
Let H be a subgroup of G, and suppose that f : H → Zp is a group
homomorphism that is contractive with respect to the p-adic sublinear
pseudometric t, meaning that |f(h1)−f(h2)|p ≤ t(h1, h2) for all h1, h2 ∈
H. Let us refer to such a homomorphism f as a t-contractive functional
on H.
Note in particular that dp itself is a p-adic sublinear pseudomet-
ric, and, if t is another p-adic sublinear pseudometric, then any t-
contractive functional is also a dp-contractive functional. Most of the
results in this section are statements about the existence of p-adic func-
tionals; these functionals are extensions of t-contractive functionals for
some p-adic sublinear pseudometric t. For most of the proofs, t can be
taken to be dp; however, Proposition 3.17 establishes the existence of
p-adic functionals with very specific properties, and for this it will be
necessary to use a more restrictive t to get sharper information.
Note that, if H is a subgroup of G and dp is the p-adic pseudometric
on G, then the p-adic pseudometric on H is bounded below by the
restriction of dp to H, and this bound may be strict. Thus to say that
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f is a dp-contractive functional on H is stronger than saying that f
is a p-adic functional on H. Of course, if H is a pure subgroup of G,
then the p-adic pseudometric on H coincides with the restriction to H
of that on G.
It is clear that the trivial homomorphism is a p-adic functional, and,
if G is p-divisible, then this is the only one. It is natural to ask whether
there exist any non-trivial p-adic functionals on G if G is not p-divisible.
Corollary 3.15 shows that, if G is not p-divisible, then non-zero p-adic
functionals on G do exist.
The following is the key lemma that makes everything else work.
Lemma 3.11. Let p be a prime, let G be a torsion-free abelian group,
let t be a p-adic sublinear pseudometric on G, let H be a subgroup
of G, and let g ∈ G. Suppose there exists a t-contractive functional
f : H → Zp, and define, for each h ∈ H and n ∈ Z\{0}, the closed
subset B(h, n) := {α ∈ Qp : |n|p|α− 1nf(h)|p ≤ t(ng, h)}. Then
(1)
⋂
h∈H,n∈Z\{0}B(h, n) is non-empty.
(2) If f extends to a t-contractive functional f ′ on H + Zg, then
f ′(g) ∈ ⋂h∈H,n∈Z\{0}B(h, n).
(3) If β ∈ ⋂h∈H,n∈Z\{0}B(h, n), then f extends to a t-contractive
functional f ′ on H + Zg such that f ′(g) = β.
Proof. To prove statement (1), note that B(0, 1) consists of all α ∈ Qp
such that |α|p ≤ t(g, 0) ≤ dp(g, 0) ≤ 1, so B(0, 1) ⊆ Zp. Then rewrite
the intersection:⋂
h∈H,n∈Z\{0}
B(h, n) =
⋂
h∈H,n∈Z\{0}
(B(0, 1) ∩B(h, n)),
the latter of which is an intersection of closed subsets of Zp. Zp is com-
pact, so the collection of all closed subsets of the form B(0, 1)∩B(h, n)
has non-empty intersection if and only if it has the finite intersection
property. But
⋂k
i=1(B(0, 1) ∩ B(hi, ni)) = B(0, 1) ∩ B(h1, n1) ∩ · · · ∩
B(hk, nk), so it suffices to check that the collection of all subsets of the
form B(h, n) has the finite intersection property.
Because |·|p satisfies the strong triangle inequality, if two closed disks
in Qp have non-empty intersection, then one is contained in the other.
Thus if B(h1, n1)∩B(h2, n2) is non-empty, it equals either B(h1, n1) or
B(h2, n2). So to show that a finite intersection of closed disks is non-
empty, it suffices to show that all pairwise intersections are non-empty.
So let us verify to that any pair of subsets B(h1, n1) and B(h2, n2) with
h1, h2 ∈ H, n1, n2 ∈ Z\{0} has non-empty intersection.
By the strong triangle inequality,
t(n2h1, n1h2) ≤ max{t(n1n2g, n2h1), t(n1n2g, n1h2)}.
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Suppose without loss of generality that t(n1n2g, n2h1) is the maximum
of these two distances. Then
|n1n2|p| 1
n1
f(h1)− 1
n2
f(h2)|p = |n2f(h1)− n1f(h2)|p
= |f(n2h1)− f(n1h2)|p
≤ t(n2h1, n1h2)
≤ t(n1n2g, n2h1) = |n2|pt(n1g, h1),
where the last equality comes from the absolute scalability of t.
Thus |n1|p| 1n1f(h1)− 1n2f(h2)|p ≤ t(n1g, h1), so 1n2f(h2) ∈ B(h1, n1).
It is clearly in B(h2, n2), so the intersection is non-empty.
Now let us prove statement (2).
For all h ∈ H and n ∈ Z\{0}, |n|p|f ′(g)− 1nf(h)|p = |f ′(ng)−f ′(h)|p,
which is bounded above by t(ng, h) because f ′ is a t-contraction. Thus
f ′(g) ∈ B(h, n).
Now let us prove statement (3).
Define f ′ : H + Zg → Qp as follows. Given g′ ∈ H + Zg, write g′ =
h+ ng for some h ∈ H and n ∈ Z. Then let f ′(g′) = f(h) + nβ ∈ Qp.
f ′ is well-defined. To see this, suppose g′ = h1+n1g and g′ = h2+n2g;
then (n1−n2)g′−(h2−h1) = 0. If n1 = n2, then h1 = h2, in which case
f(h1)+n1β = f(h2)+n2β. If n2 6= n2, then dp((n1−n2)g, h2−h1) = 0,
so B(h2−h1, n1−n2) is the singleton { 1n1−n2f(h2−h1)}, in which case
β = 1
n1−n2f(h2 − h1) and f(h1) + n1β = f(h2) + n2β.
It is easy to verify that f ′ is a group homomorphism.
Given that f ′ is a group homomorphism and t is translation invariant,
to see that f ′ is a t-contractive functional it is enough to check that
|f(g′)|p ≤ t(g′, 0) for all g′ ∈ H+Zg. If g′ ∈ H, this follows immediately
from the fact that f is a t-contractive functional, so we may suppose
that g′ /∈ H. This means that g′ = h + ng for some h ∈ H and
n ∈ Z\{0}. Then
|f ′(g′)|p = |f(h) + nβ|p
= |n|p|β − 1
n
f(−h)|p
≤ t(ng,−h) = t(h+ ng, 0),
where the inequality on the last line comes from the fact that β ∈
B(−h, n). 
Lemma 3.11 allows us to extend a t-contractive functional on a sub-
group of G to one on a larger subgroup, but to show that non-trivial
p-adic functionals exist, we need to start with a non-trivial t-contractive
functional on some subgroup of G. The natural place to begin is with
a cyclic subgroup.
The following corollary, which deals with functionals on cyclic sub-
groups of G, follows from Lemma 3.11 by taking H = {0} and t = dp.
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Corollary 3.12. Let p be a prime, let G be a torsion-free abelian group
with p-adic pseudometric dp, and let g ∈ G. Then, given any β ∈ Zp
for which |β|p ≤ dp(g, 0), there exists a dp-contractive functional f :
〈g〉 → Zp such that f(g) = β.
The next proposition is an analogue of the Hahn–Banach Theorem
for the setting of torsion-free abelian groups.
Proposition 3.13. Let p be a prime and let G be a torsion-free abelian
group with p-adic sublinear pseudometric t. Suppose that H is a sub-
group of G and f is a t-contractive functional on H. Then there exists
a t-contractive p-adic functional f ′ on G that extends f .
Proof. Consider the set K of pairs (f ′, H ′), where H ′ is a subgroup
of G that contains H and f ′ is a t-contractive functional on H ′ that
extends f . K is non-empty because it contains (f,H). Give K a partial
ordering by saying that (f ′1, H
′
1) ≤ (f ′2, H ′2) if H ′1 ⊆ H ′2 and f ′2 extends
f ′1. Any chain ((f
′
λ, H
′
λ))λ∈Λ in K is bounded above—an upper bound
is (F ′,
⋃
λ∈ΛH
′
λ), where F
′ is defined by F ′(h) = f ′λ(h) for any λ for
which h ∈ H ′λ.
Thus by Zorn’s Lemma there exists a maximal pair (fmax, Hmax).
Suppose for a contradiction that Hmax 6= G. Then there exists g′ ∈
G\Hmax. By parts (1) and (3) of Lemma 3.11, fmax extends to a t-
contractive functional f ′max on the subgroup H+Zg′. H+Zg′ contains
Hmax, and hence contains H, and f
′
max extends fmax, and hence extends
f . Thus the pair (f ′max, H + Zg′) is in K, and is strictly greater than
(fmax, Hmax), contradicting the maximality of that pair. Hence Hmax =
G after all. 
Proposition 3.13 can be combined with Corollary 3.12 and Lemma
3.7 to produce the following corollaries, which say that any g ∈ G
realizes its maximum possible value on some functional, and p-adic
functionals can separate a pure subgroup of G from an element g not
in its closure.
Corollary 3.14. Let p be a prime, let G be a torsion-free abelian group
with p-adic pseudometric dp, and let g ∈ G. Then there exists a p-adic
functional f on G such that |f(g)|p = dp(g, 0).
Proof. By Corollary 3.12, there exists a dp-contractive functional f on
〈g〉 such that |f(g)|p = dp(g, 0). By Proposition 3.13, f extends to a
p-adic functional on G. 
Corollary 3.15. Let p be a prime and let G be a torsion-free abelian
group that is not p-divisible. Then there exists a non-zero p-adic func-
tional on G.
Corollary 3.16. Let p be a prime, let G be a torsion-free abelian group
with pure subgroup H, and suppose that g is an element of G that is not
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in H
p
. Then there exists a p-adic functional f on G such that f(h) = 0
for all h ∈ H, but f(g) 6= 0.
Proof. Let dp denote the p-adic pseudometric on G. The zero homo-
morphism f ′ : H → Zp is a dp-contractive functional.
To say that g is not in H
p
means that there is some  > 0 such that
dp(g, h) ≥  for all h ∈ H. By Lemma 3.7, this means that the values
{ 1|n|pdp(ng, h) : h ∈ H,n ∈ Z\{0}} are bounded below by . But then,
by Lemma 3.11 part (3), for any β in the ideal {α ∈ Zp : |α|p ≤ } of
Zp, f ′ extends to a dp-contractive functional f ′′ on H + Zg such that
f ′′(g) = β. In particular, it is possible to find a non-zero β with this
property. Then by Proposition 3.13, f ′′ extends to the required p-adic
functional f on G. 
The following proposition will be useful in Section 4, when we con-
sider finite-index subgroups of a torsion-free abelian group G.
Proposition 3.17. Let p be a prime, let G be a torsion-free abelian
group, and let H be a subgroup of G. Suppose m ∈ N is such that
the order of any element g + H ∈ G/H divides pm. Then for any
g ∈ G\H there exists a p-adic functional f on G with the property that
|f(g)|p > p−m ≥ |f(h)|p for all h ∈ H.
Proof. Let dp denote the p-adic pseudometric on G, and let d
H
p de-
note the p-adic pseudometric on H (which might be different from the
restriction of dp to H). For g ∈ G, define
v : G→ N ∪ {0}
g 7→ min{k ∈ N ∪ {0} : pkg ∈ H}.
Then define a function t : G×G→ R≥0 as follows:
t(g1, g2) =
{
p−mdHp (g1, g2) if g1 − g2 ∈ H
p−mpv(g1−g2) otherwise.
Let us show that t is a p-adic sublinear pseudometric.
Choose elements g1, g2, and g3 ∈ G. The proof that t satisfies the
strong triangle inequality can be broken into cases, depending upon
which of the differences g1 − g2, g1 − g3, g3 − g2 lie in H. If any two of
these are in H, then so is the third, so the possibilities are (1) all are
in H; (2) none is in H; (3) g1 − g2 ∈ H, g1 − g3, g3 − g2 /∈ H; and (4)
without loss of generality, g1 − g2, g3 − g2 /∈ H, g1 − g3 ∈ H.
Case (1): g1 − g2, g1 − g3, g3 − g2 ∈ H. Then
t(g1, g2) = p
−mdHp (g1, g2)
≤ p−m max{dHp (g1, g3), dHp (g3, g2)}
= max{t(g1, g3), t(g3, g2)}.
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Case (2): g1 − g2, g1 − g3, g3 − g2 /∈ H. Let v0 = max{v(g1 −
g3), v(g3 − g2)}. Then pv0(g1 − g3), pv0(g3 − g2) ∈ H, and
pv0(g1 − g2) = pv0(g1 − g3) + pv0(g3 − g2) ∈ H,
so v(g1 − g2) ≤ v0 = max{v(g1 − g3), v(g3 − g2)}, which means
t(g1, g2) = p
−mpv(g1−g2) ≤ max{p−mpv(g1−g3), p−mpv(g3−g2)}
= max{t(g1, g3), t(g3, g2)}.
Case (3): g1 − g2 ∈ H, g1 − g3, g3 − g2 /∈ H. In this case t(g1, g3),
t(g3, g2) ≥ p−m, so
t(g1, g2) = p
−mdHp (g1, g2) ≤ p−m ≤ max{t(g1, g3), t(g3, g2)}.
Case (4): g1−g2, g3−g2 /∈ H, g1−g3 ∈ H. In this case pk(g1−g2) ∈
H if and only if pk(g3 − g2) ∈ H, so
t(g1, g2) = p
−mpv(g1−g2) = p−mpv(g3−g2) = t(g3, g2).
Thus t satisfies the strong triangle inequality. Combined with the
obvious facts that t is symmetric and t(g, g) = 0 for all g ∈ G, this
implies that t is a pseudometric.
t is clearly translation invariant, as the formulas v(g1 − g2) and
dHp (g1, g2) involve taking the difference of the group elements g1 and
g2.
To see that t is absolutely scalable, pick n ∈ Z and g1, g2 ∈ G. If
(g1 − g2) ∈ H, then n(g1 − g2) ∈ H, and
t(ng1, ng2) = p
−mdHp (ng1, ng2)
= |n|pp−mdHp (g1, g2)
= |n|pt(g1, g2).
If n(g1 − g2) /∈ H, then g1 − g2 /∈ H, and
t(ng1, ng2) = p
−mpv(n(g1−g2))
= p−mpv(g1−g2)−vp(n)
= p−mpv(g1−g2)|n|p
= |n|pt(g1, g2),
16 GREGORY R. MALONEY
where vp is the p-adic valuation on Q. If n(g1−g2) ∈ H but g1−g2 /∈ H,
then pv(g1−g2) | n; say n = pv(g1−g2)n′, and
t(ng1, ng2) = p
−mdHp (ng1, ng2)
= p−m|n′|pdHp (pv(g1−g2)g1, pv(g1−g2)g2)
= p−mp−vp(n
′) · 1
= p−mpv(g1−g2)p−v(g1−g2)−vp(n
′)
= t(g1, g2)p
−vp(n)
= |n|pt(g1, g2).
Now let us check that t is dominated by dp. Suppose that g1, g2 ∈ G
and g1 − g2 ∈ H. Suppose g1 − g2 is pn-divisible in G for some n ≥ 0.
If n < m, then t(g1, g2) ≤ p−m < p−n. If n ≥ m, then there exists
g ∈ G such that g1−g2 = png = pn−mpmg ∈ pn−mH, so g1−g2 is pn−m-
divisible in H, and t(g1, g2) = p
−mdHp (g1, g2) ≤ p−mp−(n−m) = p−n. As
n was arbitrary with the property that g1− g2 was pn-divisible in G, it
follows that t(g1, g2) ≤ dp(g1, g2) if g1 − g2 ∈ H.
If g1 − g2 /∈ H and pn divides g1 − g2, then n < m by the hypothesis
on m, and pm−n(g1 − g2) ∈ H. Thus v(g1 − g2) ≤ m− n, so t(g1, g2) =
p−mpv(g1−g2) ≤ p−n. Thus t(g1, g2) ≤ dp(g1, g2) if g1 − g2 /∈ H, so t is
dominated by dp.
This completes the proof that t is a p-adic sublinear pseudometric.
Now for any g /∈ H, the definition of t implies that p−m < t(g, 0).
Choose a group homomorphism f ′ : 〈g〉 → Zp with the property that
|f ′(g)|p = t(g, 0). Then f ′ is t-contractive, so by Proposition 3.13, it ex-
tends to a t-contractive p-adic functional f on G. As f is t-contractive,
|f(h)|p ≤ t(h, 0) ≤ p−m < t(g, 0) = |f(g)|p for all h ∈ H. 
3.3. Spaces of functionals.
Definition 3.18. Let p be a prime and let G be a torsion-free abelian
group. Let us use the symbol G∗p to denote Hom(G,Zp), the set of
p-adic functionals on G.
G∗p is a torsion-free abelian group, and as it is a subgroup of ZGp ,
it contains no non-zero elements that are divisible by arbitrarily high
powers of p, so the p-adic pseudometric on G∗p is in fact a metric.
In what follows, it will be useful to view G∗p as a topological space.
It turns out that the most useful topology is not the metric topology
arising from the p-adic metric on G∗p, but rather the topology that G∗p
inherits from ZGp .
Definition 3.19. Let p be a prime and let G be a torsion-free abelian
group. Let us refer to the topology that G∗p inherits as a subspace of
the product space ZGp as the relative topology on G∗p.
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ZGp is a product of compact spaces, and hence is compact by Ty-
chonoff’s Theorem. It is easy to verify that G∗p is closed in the relative
topology, and hence is compact.
Zp is a principal ideal domain, and G∗p is a submodule of the Zp-
module ZGp , which is free, so G∗p is free as well [17, Theorem 9.8]. Thus
is makes sense to speak of a Zp-basis and the Zp-rank of G∗p.
The metric topology on G∗p is finer than the relative topology in
general, and if the Zp-rank of G∗p is finite, then the two topologies
agree, but this need not be true if G∗p has infinite rank, as the following
example illustrates.
Example 3.20. Let p be a prime, let G =
⊕
n∈N Z and, for n ∈ N,
let en denote the nth standard basis element of G. For m ∈ N, let
fm denote the p-adic functional defined by fm(en) = δm,n, and let f0
denote the p-adic functional defined by f0(en) = 1 for all n ∈ N. Then
the sequence f1, f1 + f2, f1 + f2 + f3, . . . converges to f0 in the relative
topology, but not in the metric topology.
Note that any p-adic functional on G is entirely determined by its
values on a maximal independent subset of G, which means that, if
G has finite rank, then the Zp-rank of G∗p cannot exceed the rank of
G—more precisely, it cannot exceed the rank of G minus the rank of
Gp.
Proposition 3.22, below, says that G is p-simple but not p-divisible
if and only if the Zp-rank of G∗p is 1. The proof of this fact uses the
following easy lemma.
Lemma 3.21. Let p be a prime, let G be a torsion-free abelian group,
and let f be a p-adic functional on G. Then ker(f) is a p-ideal of G.
Proof. f is a group homomorphism into a torsion-free abelian group,
so its kernel is a pure subgroup of G. f is continuous with respect to
the topology arising from the p-adic pseudometric on G, so its kernel
is closed, as it is the pre-image of the closed subset {0} of the metric
space Zp. 
Proposition 3.22. Let p be a prime and let G be a torsion-free abelian
group. Then G is p-simple but not p-divisible if and only if, up to
multiplication by a non-zero constant in Zp, there is a unique non-zero
p-adic functional on G.
Proof. For the “only if” direction, suppose that G is p-simple but not p-
divisible, then pick f1, f2 ∈ G∗p, and suppose that f1 is non-zero. Then
there exists g ∈ G such that f1(g) 6= 0, which means in particular that
g /∈ Gp. Suppose without loss of generality that |f1(g)|p ≥ |f2(g)|p.
Then f0 := f2 − f2(g)f1(g)f1 ∈ G∗p, and g ∈ ker(f0). By Lemma 3.21,
ker(f0) is a p-ideal of G. ker(f0) contains g, so is bigger than Gp; thus,
as G is p-simple, ker(f0) = G.
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Now let us prove the “if” direction.
Note that, if G is p-divisible, then it has no non-zero p-adic func-
tionals. Thus suppose that G is not p-divisible and not p-simple, and
let us construct two Zp-independent p-adic functionals on G. Let J be
a proper p-ideal of G that is strictly larger than Gp. As J is proper,
there exists g ∈ G\J ; by Corollary 3.16, there exists a p-adic functional
f1 with the property that f1(h) = 0 for all h ∈ J and f1(g) 6= 0.
As J is larger than Gp, it is not p-divisible, so by Corollary 3.15,
there exists a non-zero p-adic functional on J , which extends to a p-adic
functional f2 on G by Proposition 3.13. f1 and f2 are both non-zero,
and neither is a multiple of the other because f1 is 0 on J while f2 is
not. 
The next lemma characterizes the p-adic metric on G∗p in terms of
the absolute values of the images of elements of G.
Lemma 3.23. Let p be a prime, let G be a torsion-free abelian group
with p-adic pseudometric dp, and let f be a p-adic functional on G.
Then
d∗pp (f, 0) = max
({ |f(g)|p
dp(g, 0)
: g ∈ G, dp(g, 0) 6= 0
}
∪ {0}
)
,
where d∗pp denotes the p-adic metric on G
∗p.
Proof. Suppose that f = pkf ′ for some f ′ ∈ G∗p. Then, for any g ∈ G,
|f(g)|p = |pkf ′(g)|p = p−k|f ′(g)|p ≤ p−kdp(g, 0).
Thus |f(g)|p
dp(g,0)
≤ d∗pp (f, 0) for all g ∈ G with dp(g, 0) 6= 0.
Now suppose that |f(g)|p ≤ p−kdp(g, 0) for all g ∈ G. Then define
a function f ′ : G → Qp by f ′(g) = 1pk f(g) for g ∈ G. This is clearly a
group homomorphism into Qp, and in fact it takes values in Zp because
|f ′(g)|p = | 1pk f(g)|p = pk|f(g)|p ≤ dp(g, 0), so in this case, d∗pp (f, 0) ≤
p−k. Thus d∗pp (f, 0) ≤ max{ |f(g)|pdp(g,0) : g ∈ G, dp(g, 0) 6= 0}. 
The following corollary is an immediate consequence of Lemma 3.23.
Corollary 3.24. Let p be a prime, let G be a torsion-free abelian group
with p-adic pseudometric dp, and suppose that f is a non-zero p-adic
functional on G. Then there exists g ∈ G with dp(g, 0) = 1 such that
d∗pp (f, 0) = |f(g)|p, where d∗pp denotes the p-adic metric on G∗p.
The goal of the next sequence of results is to characterize the subsets
of G∗p that are sufficiently rich to contain, for each g ∈ G, a p-adic
functional that achieves the maximum possible absolute value on g.
This is the content of Proposition 3.27, which says that this is occurs
for subsets of G∗p that have Zp-spans that are dense in G∗p in the
relative topology. The proof of this result uses Lemma 3.26, which in
turn uses the following technical lemma.
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Lemma 3.25. Let p be a prime, let G be a torsion-free abelian group,
and let F ⊂ G∗p and X ⊂ G be finite subsets of G∗p and G respectively,
with the property that {f |X : f ∈ F} ⊆ ZXp is Zp-independent. Then
there exists X ′ ⊆ X such that X ′ and F contain the same number of
elements, and {f |X′ : f ∈ F} ⊆ ZX′p is Zp-independent.
Proof. Let F = {f1, . . . , fk} and X = {g1, . . . , gl}. Certainly l ≥ k, as
{fi|X : 1 ≤ i ≤ k} is independent.
Consider the matrix B ∈ Mk×l(Zp), the (i, j)th entry of which is
fi(gj). View B as a matrix over Qp; then if l > k the Rank-Nullity
Theorem says that there exists a non-zero vector v = (v1, . . . , vl)
t ∈ Qlp
such that Bv = 0. Suppose that the entry vl has maximal absolute
value among all entries of v; then, by replacing v with v/vl, we may
suppose that v in fact has entries in Zp, and vl = 1.
Then {f |X\{gl} : f ∈ F} is Zp-independent. To see this, suppose that
α1f1 + · · ·+ αkfk is 0 on X\{gl}, where αi ∈ Zp for 1 ≤ i ≤ k. Let us
pick  > 0 and show that |α1f1(gl) + · · ·+ αkfk(gl)|p < .
Z is dense in Zp, so we can pick an element w = (w1, . . . , wl)t ∈ Zl
such that |vj − wj|p <  for all 1 ≤ j ≤ l. We may insist further that
wl = 1 because vl = 1. Then |w1fi(gl)+ · · ·+wl−1fi(gl−1)+fi(gl)|p < .
Thus it is true that, for each i ≤ k,
fi(gl) =
(
fi(gl) +
l−1∑
j=1
wjfi(gj)
)− l−1∑
j=1
wjfi(gj),
which implies
k∑
i=1
αifi(gl) =
k∑
i=1
αi
[(
fi(gl) +
l−1∑
j=1
wjfi(gj)
)− l−1∑
j=1
wjfi(gj)
]
=
k∑
i=1
αi
(
fi(gl) +
l−1∑
j=1
wjfi(gj)
)− l−1∑
j=1
wj
k∑
i=1
αifi(gj)
=
k∑
i=1
αi
(
fi(gl) +
l−1∑
j=1
wjfi(gj)
)− l−1∑
j=1
wj · 0.
Each term in the first sum has absolute value less than |αi| ≤ , so
by the strong triangle inequality, the entire sum has absolute value less
than .
Thus
∑k
i=1 αifi(gl) = 0, implying {f |X : f ∈ F} is Zp-dependent,
which is a contradiction. Thus {fX\{gl} : f ∈ F} is Zp-independent.
We can apply the same argument to X\{gl} to show that either X\{gl}
has the same number of elements as F , or else there exists a smaller
set, the restriction of F to which is Zp-independent. Proceeding in this
fashion eventually produces a set with the same size as F . 
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The next lemma says that a functional f ∈ G∗p can be separated
from a subset F ⊆ G∗p by an element of G if and only if it is not in
the relative-topology closure of the span of F .
Lemma 3.26. Let p be a prime, let G be a torsion-free abelian group,
let F be a non-empty subset of G∗p, and let f ∈ G∗p. The following are
equivalent:
(1) There exists g ∈ G such that |f(g)|p > |f ′(g)|p for all f ′ ∈ F .
(2) f is not in the relative-topology closure of the Zp-span of F .
Proof. To prove that (1) implies (2), suppose for a contradiction that
there exists g ∈ G satisfying condition (1), but f lies in the relative-
topology closure of the Zp-span of F . Let M = supf ′∈F{|f ′(g)|p}.
Then, as Zp is a discrete valuation ring, this supremum is achieved on
F ; that is, M = maxf ′∈F{|f ′(g)|p} < |f(g)|p. Similarly, the fact that
Zp is a discrete valuation ring implies that the set T|f(g)|p := {β ∈ Zp :
|β|p = |f(g)|p} is open in Zp.
Consider the relative-topology open set
∏
g′∈G Ug′ , where Ug′ = Zp
if g′ 6= g and Ug = T|f(g)|p . f is in this open set, so, by assumption,
there exists some Zp combination α1f1 + · · · + αnfn in this set, where
αi ∈ Zp and f1, . . . , fn ∈ F . But then, by the strong triangle inequality,
|f(g)|p = |α1f1(g) + · · · + αnfn(g)|p ≤ max1≤i≤n{|αi|p|fi(g)|p} ≤ M <
|f(g)|p, which is a contradiction. Thus f is not in the relative-topology
closure of the Zp-span of F after all.
Now let us prove that (2) implies (1). The statement that f is not
in the relative-topology closure of the Zp-span of F means that there
exists a finite subset X ⊂ G such that f |X is not in the Zp-span of
{f ′|X : f ′ ∈ F}. Let f1 = f |X , and let {f2, . . . , fk} be a basis for the
Zp-module spanned by {f ′|X : f ′ ∈ F}, which is a submodule of the
free Zp-module ZXp , and hence is free itself.
Then {f1, . . . , fk} is independent over Zp. By Lemma 3.25, we
may, in fact, suppose that X contains exactly k elements, say X =
{g1, . . . , gk}.
Let A denote the k× k matrix, the (i, j)th entry of which is fi(gj) ∈
Zp. {f1|X , . . . , fk|X} is Zp-independent, so A has non-zero determinant.
Let adj(A) denote the adjugate of A, that is, the transpose of the
matrix of cofactors of A. Then the entries of adj(A) are in Zp, and
A adj(A) = det(A)I, where I is the k × k identity matrix.
Let e1 denote the first standard basis element of Zkp. Let v =
(v1, . . . , vk)
t = adj(A)e1 ∈ Zkp, so that Av = det(A)e1. Z is dense in Zp,
so there exists w = (w1, . . . , wk)
t ∈ Zk such that |vi − wi|p < det(A)/2
for each index 1 ≤ i ≤ k. Then, by the strong triangle inequality,
each entry of Aw differs from the corresponding entry of Av by some-
thing with absolute value less than max1≤i,j≤k{|fi(gj)|p} det(A)/2 ≤
det(A)/2. In particular, the first entry of Aw has absolute value greater
than det(A)/2, and all other entries have absolute value less than this.
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Thus |f1(w1g1 + · · ·+wkgk)|p > det(A)/2 > |fi(w1g1 + · · ·+wkgk)|p
for all 2 ≤ i ≤ k. {f2, . . . , fk} is a basis for the Zp-module spanned by
{f ′|X : f ′ ∈ F}, so, given any f ′ ∈ F , there exist β2, . . . , βk ∈ Zp such
that f ′(w1g1 + · · · + wkgk) =
∑k
j=2 βjfj(w1g1 + · · · + wkgk). But by
the strong triangle inequality, the absolute value of this sum is at most
max2≤j≤k{|βj|p|fj(w1g1 + · · ·+wkgk)|p} ≤ det(A)/2 < |f(w1g1 + · · ·+
wkgk)|p. Thus statement (1) is true for the element w1g1 + · · ·wkgk ∈
G. 
The next result describes the subsets of G∗p, the relative-topology
closures of the the spans of which are all of G∗p.
Proposition 3.27. Let p be a prime, let G be a torsion-free abelian
group with p-adic pseudometric dp, and let F be a subset of G
∗p. The
following are equivalent:
(1) For each g ∈ G, there exists f ∈ F such that |f(g)|p = dp(g, 0).
(2) G∗p is the relative-topology closure of the Zp-span of F .
Proof. To prove that (2) implies (1), suppose that G∗p is the relative-
topology closure of the Zp-span of F , and pick g ∈ G. By Corollary
3.14, there exists a p-adic functional f on G such that |f(g)|p = dp(g, 0).
We can write f(g) in terms of {f ′(g) : f ′ ∈ F}:
f(g) = α1f1(g) + · · ·+ αkfk(g),
where αi ∈ Zp and (fi)ki=1 are elements of F . For each i ≤ k, |fi(g)|p ≤
dp(g, 0). If the stronger statement |fi(g)|p < dp(g, 0) were true for all
i ≤ k, then, by the strong triangle inequality, it would follow that
|f(g)|p ≤ max
i≤k
{|αi|p|fi(g)|p} < dp(g, 0),
which is a contradiction. Thus |fi(g)|p = dp(g, 0) for at least one fi ∈ F .
To prove that (1) implies (2), suppose that statement (1) is true, but
the relative-topology closure of the Zp-span of F is properly contained
in G∗p. Then pick a p-adic functional f on G that is not in the relative-
topology closure of the Zp-span of F . By Lemma 3.26, there exists
g ∈ G such that |f(g)|p > |f ′(g)|p for all f ′ ∈ F . But this is impossible
because, by statement (1), there exists f ′ ∈ F such that |f ′(g)|p =
dp(g, 0), and |f(g)|p cannot exceed this value because f is a p-adic
functional on G. 
3.4. Double duals. If p is a prime and G is a torsion-free abelian
group, then the dual space G∗p of p-adic functionals is also a torsion-
free abelian group, and so has its own dual space G∗p∗p. There is a
natural homomorphism Φp from G to G∗p∗p (Definition 3.29, below),
the image of which is dense in G∗p∗p (Theorem 3.31, below).
Definition 3.28. Let p be a prime, let G be a torsion-free abelian
group, and let g ∈ G. Define a function gˆp : G∗p → Zp by gˆp(f) = f(g)
for f ∈ G∗p.
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gˆp is clearly a group homomorphism into Zp, so is an element of
G∗p∗p.
Definition 3.29. Let p be a prime and let G be a torsion-free abelian
group. Define a function Φp by
Φp : G→ G∗p∗p
g 7→ gˆp.
Note that Φp is a group homomorphism: ĝ + h
p
(f) = f(g + h) =
f(g) + f(h) = gˆp(f) + hˆp(f). Its kernel certainly contains Gp, and, by
Corollary 3.14, Gp is the entire kernel. Let Gˆ
p denote the image of Φp:
Gˆp := {gˆp : g ∈ G} ⊂ G∗p∗p.
Remark 3.30. By tensoring with Zp over Z, we can embed any torsion-
free abelian group G into a free Zp-module. Such embeddings have
been studied in [12] and [11]; they are similar to the homomorphism
Φp : G → G∗p∗p, but are not generally the same. If Gp is not trivial,
then Φp is not an embedding, and even when it is an embedding, it is
not necessarily equivalent to the tensor product embedding. Example
2.1 illustrates this fact: in that example, G is a rank-2 group, so its
tensor product with Z3 has Z3-rank equal to 2, while its p-adic dual
group G∗p is generated over Z3 by a single row, and so G∗p∗p has rank
equal to 1.
The main result of this section is the following.
Theorem 3.31. Let p be a prime and let G be a torsion-free abelian
group with p-adic pseudometric dp. Then Φ
p : G → Gˆp ⊆ G∗p∗p is
a pseudo-isometry, and dp(g, 0) = d
∗p∗p
p (gˆ
p, 0) = maxf∈G∗p{|gˆp(f)|p},
where d∗p∗pp denotes the p-adic metric on G
∗p∗p. Furthermore Gˆp is
dense in G∗p∗p in the relative topology.
Proof. Pick g ∈ G, and let us show that d∗p∗pp (gˆp, 0) = dp(g, 0) =
maxf∈G∗p{|gˆp(f)|p}. Certainly for any f ∈ G∗p, it is true that |f(g)|p ≤
dp(g, 0), so it is enough to show that this value is attained for some p-
adic functional f .
By Corollary 3.24 applied to gˆp, there exists f ∈ G∗p with d∗pp (f, 0) =
1 such that
d∗p∗pp (gˆ
p, 0) = |gˆp(f)|p = |f(g)|p ≤ dp(g, 0) = dp(g, 0)d∗pp (f, 0) ≤ |f(g)|p,
where the last inequality follows from Lemma 3.23. Thus d∗p∗pp (gˆ
p, 0) =
dp(g, 0) = |gˆp(f)|p = |f(g)|p.
Now let us show that Gˆp is dense in G∗p∗p in the relative topology.
Pick f ∈ G∗p. By Corollary 3.24, there exists g ∈ G with d∗pp (f, 0) =
|f(g)|p = |gˆp(f)|p; by Proposition 3.27, this implies that the Zp-span of
Gˆp is dense in G∗p∗p in the relative topology. So given φ ∈ G∗p∗p, a finite
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subset F = {f1, . . . , fk} ⊆ G∗p, and  > 0, there exist g1, . . . , gl ∈ G
and α1, . . . , αl ∈ Zp such that
|(
∑
αj gˆ
p
j )(fi)− φ(fi)|p < 
for each 1 ≤ i ≤ k.
For 1 ≤ j ≤ l choose aj ∈ Z such that |aj − αj|p < . Then∑
aj gˆ
p
j ∈ Gˆp because Gˆp is a group, and
|(
∑
aj gˆ
p
j )(fi)− φ(fi)|p
≤max{|(
∑
αj gˆ
p
j )(fi)− φ(fi)|p, |(
∑
aj gˆ
p
j )(fi)− (
∑
αj gˆ
p
j )(fi)|p}
≤max{, |(a1 − α1)gˆp1(fi)|p, . . . , |(al − αl)gˆpl (fi)|p}
≤max{, , . . . , } = .
Thus Gˆp is dense in G∗p∗p in the relative topology. 
4. Pro-p completions
Readers who are familiar with profinite groups might have noticed
that the double dual G∗p∗p of a torsion-free abelian group G shares
important features with the pro-p completion of G. This is not a
coincidence—the two objects are, in fact, the same.
Definition 4.1. A topological group G is called a pro-p group if it
is isomorphic as a topological group to the inverse limit of an inverse
system of finite p-groups.
The topology in Definition 4.1 may require some explanation. Any
inverse limit of an inverse system of groups has a standard realization
as a subgroup of the direct product:
lim←−(Gλ)λ∈Λ = {(xλ)λ∈Λ ∈
∏
λ∈Λ
Gλ : φµλ(xλ) = xµ for all λ ≤ µ},
where, for λ ≤ µ, φµλ : Gλ → Gµ is the corresponding map in the
inverse system. In the pro-p case, the groups Gλ in the direct product
are finite p-groups, and hence are topological groups with the discrete
topology. The topology on the inverse limit is the relative topology
that it inherits from the direct product.
Given an arbitrary group G, consider the set of all normal subgroups
N of G for which G/N is a finite p-group. This is a partially ordered set
under inclusion, which means that there is an inverse system of natural
homomorphisms φµλ : G/Nλ → G/Nµ between the quotients, where
Nµ ≤ Nλ. The pro-p completion Kp(G) of G is the inverse limit of this
inverse system. There is a natural embedding Ψp : G→ Kp(G), which
sends g ∈ G to (gNλ)λ∈Λ, and the image of G under this embedding is
a dense subgroup.
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Kp(G) is clearly a pro-p group. Moreover it satisfies the following
universal property with respect to G: if there exists a pro-p group H
and a group homomorphism θ : G→ H, then there exists a continuous
homomorphism η : Kp(G)→ H such that θ = η ◦Ψp.
If G is a torsion-free abelian group, then G∗p∗p is a free Zp-module,
and hence is a pro-p group (and the pro-p topology agrees with the
relative topology on G∗p∗p [16, Proposition 2.2.1, parts (a) and (b)]).
Thus the universal property guarantees the existence of a continuous
homomorphism η : Kp(G) → G∗p∗p such that η(Ψp(g)) = gˆp for all
g ∈ G. Then in order to show that G∗p∗p is the pro-p completion,
it will be necessary to find a continuous homomorphism in the other
direction. Let us do so by finding a compatible system of homomor-
phisms from G∗p∗p into all of the finite p-group quotients of G, and then
use the universal property of the inverse limit to construct the required
homomorphism.
Lemma 4.2. Let p be a prime, let G be a torsion-free abelian group,
and let H be a subgroup of G of index pk for some k ∈ N. Then there
exists a unique continuous homomorphism θH : G
∗p∗p → G/H such
that θH(gˆ
p) = g +H for all g ∈ G.
Proof. There exists m ∈ N ∪ {0} such that the maximum order of
any element g + H ∈ G/H is pm. By Lemma 3.3, if g, g′ ∈ G with
dp(g, g
′) ≤ p−m, then g and g′ are in the sameH-coset. Let {g1, . . . , gpk}
be a complete set of coset representatives of G/H, with g1 ∈ H, and
let F be a finite set of p-adic functionals such that, for each 2 ≤ i ≤ pk,
there exists f ∈ F such that |f(gi)|p > p−m ≥ |f(h)|p for all h ∈ H.
(Such a set F exists by Proposition 3.17.)
For φ ∈ G∗p∗p, consider the open neighbourhood Uφ of φ defined by
Uφ =
∏
f∈G∗p Uf , where Uf = {β ∈ Zp : |β − φ(f)|p ≤ p−m} if f ∈ F ,
and for f /∈ F , Uf = Zp. Then Uφ is an open subset of ZG∗pp , so its
intersection U ′φ with G
∗p∗p is open in the relative topology on G∗p∗p. Gˆp
is dense in G∗p∗p in the relative topology, so there exists some g ∈ G
such that gˆp ∈ U ′φ. Set θH(φ) = g + H, and let us show that this is
well-defined.
Let us show that, if we had chosen a different element g′ ∈ G with
gˆ′p ∈ U ′φ, then g +H = g′ +H. To see this, note that gˆ′p ∈ U ′φ implies
that |f(g − g′)|p ≤ p−m for all f ∈ F . Suppose that gj is the chosen
representative of the coset g− g′+H; this means that gj − g+ g′ ∈ H.
If j = 1, then g1 ∈ H, so g−g′ ∈ H as required. Otherwise, pick f ∈ F
such that |f(gj)|p > p−m ≥ |f(h)|p for all h ∈ H, and note that, by the
strong triangle inequality,
p−m < |f(gj)|p ≤ max{|f(g − g′)|p, |f(gj − g + g′)|p}.
But gj − g + g′ ∈ H, so |f(gj − g + g′)|p ≤ p−m, while |f(g − g′)|p ≤
max{|f(g)−φ(f)|p, |f(g′)−φ(f)|p}, which is less than or equal to p−m
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because gˆ and gˆ′ are both in Uφ. This is a contradiction, so g− g′ ∈ H
after all, and θH is well defined.
To see that θH is a group homomorphism, choose φ1, φ2 ∈ G∗p∗p
and observe that, if g1, g2 ∈ G satisfy gˆp1 ∈ Uφ1 and gˆp2 ∈ Uφ2 , then
ĝ1 + g2
p ∈ Uφ1+φ2 by the strong triangle inequality.
To see that θH is continuous, pick g + H ∈ G/H and consider an
element in its pre-image set: φ ∈ θ−1H ({g+H}). Then by the argument
above, the open neighbourhood U ′φ ⊆ θ−1H (g + H), so the pre-image of
g +H is open and θH is continuous.
To see that θH is unique with these properties, suppose that θ
′
H :
G∗p∗p → G/H is another continuous group homomorphism such that
θ′H(gˆ
p) = g+H for all g ∈ G. Then θH−θ′H : G∗p∗p → G/H is a contin-
uous group homomorphism. To see that it is a group homomorphism
is easy. To see that it is continuous, choose g+H ∈ G/H and suppose
φ ∈ (θH − θ′H)−1(g + H). Say θH(φ) = g1 + H and θ′H(φ) = g2 + H;
then g1 + g2 + H = g + H. As θH and θ
′
H are continuous, there ex-
ists open neighbourhoods U1, U2 of φ such that U1 ⊆ θ−1H (g1 + H) and
U2 ⊆ θ′−1H (g2 + H); the open neighbourhood U1 ∩ U2 of φ then has
the property that U1 ∩ U2 ⊆ (θH − θ′H)−1(g + H). Thus θH − θ′H is
continuous.
The kernel of θH − θ′H is then a closed subset of G∗p∗p, and, as it
contains the dense subset Gˆp, it must be everything. 
Theorem 4.3. Let p be a prime and let G be a torsion-free abelian
group. Then there is an isomorphism η : Kp(G) → G∗p∗p with the
properties that η(Ψp(g)) = gˆp for all g ∈ G and η is a homeomorphism.
Proof. The existence of a continuous group homomorphism η such that
η(Ψp(g)) = gˆp is guaranteed by the universal property of the pro-
p completion. To see that η is an isomorphism, let us construct an
inverse homomorphism.
Consider the set of subgroups H of G such that [G : H] = pk for
some k ∈ N ∪ {0}. By Lemma 4.2, for each of these subgroups, there
exists a continuous homomorphism θH : G
∗p∗p → G/H; moreover these
homomorphisms are easily seen to be compatible with the natural ho-
momorphisms between the finite p-group quotients of G. Therefore by
the universal property of the inverse limit, there is a continuous group
homomorphism ρ : G∗p∗p → Kp(G). Moreover, for any g ∈ G, the ele-
ment gˆp has image g +H under θH , which implies that ρ(gˆ
p) = Ψp(g).
Let us show that ρ is an inverse for η. Note that ρ ◦ η is continuous,
and, for g ∈ G, it is true that ρ(η(Ψp(g))) = ρ(gˆp) = Ψp(g). Thus ρ ◦ η
is the identity on the dense subgroup {Ψp(g) : g ∈ G}, so ρ◦η− idKp(G)
is a continuous group homomorphism that contains a dense subgroup
in its kernel, and hence is trivial.
A similar argument shows that η ◦ ρ = idG∗p∗p . 
26 GREGORY R. MALONEY
5. Classification
The theory of p-adic functionals can be used to classify finite-rank
torsion-free abelian groups. Specifically, the collection of homomor-
phisms Φp : G→ G∗p∗p for a torsion-free abelian group G, as p ranges
over the set of all primes, gives enough information to recover the iso-
morphism class of G.
Let P denote the set consisting of all integer primes and let G be a
torsion-free abelian group. Pick a maximal independent subset B of G.
For an element (αλ)λ∈Λ ∈ ZΛp , define the sup-norm ‖(αλ)λ∈Λ‖p =
supλ∈Λ{|αλ|p}. It is easy to verify that ‖ ·‖p is indeed a norm, and that
it satisfies the strong triangle inequality.
G∗p∗p is isomorphic to ZΛpp for some index set Λp; if we identify G∗p∗p
with this latter group, then the homomorphism Φp sends elements of
G to Λp-tuples in Z
Λp
p . Moreover, by Theorem 3.31, Φp is a pseudo-
isometry, meaning that dp(g, 0) = ‖Φp(g)‖p. This is a powerful fact:
it implies that G is entirely determined by the values (Φp(g))p∈P as g
ranges over the elements of B. Indeed, G is isomorphic to a subgroup of
〈B〉⊗Q, so in order to specify G it is enough to be able to say, for each
element g = a1g1 + · · · + akgk ∈ 〈B〉 ⊆ G and m ∈ N, whether or not
g is in mG. But g ∈ mG if and only if |m|p ≥ dp(g, 0) = ‖Φp(g)‖p =
‖a1Φp(g1) + · · ·+ akΦp(gk)‖p for all p ∈ P . This is summarized in the
following proposition.
Proposition 5.1. Let G be a torsion-free abelian group, let P denote
the set of integer primes, and, for each p ∈ P , identify G∗p∗p with the
group ZΛpp for some index set Λp. If B is any maximal independent
subset of G, then the values (Φp(g))p∈P,g∈B completely determine G.
In the case that G has finite rank, the data that specify G can be
stated more explicitly in terms of the following definition.
Definition 5.2. Let n ∈ N, let P be the set of all primes and let
(Ap)p∈P be a sequence of matrices with Ap ∈ Mnp×n(Zp). Then the
group determined by (Ap)p∈P is the torsion-free abelian group
G((Ap)p∈P ) := {v ∈ Qn : Apv ∈ Znpp for all p ∈ P}.
Proposition 5.3. Let P denote the set of integer primes and let G be
a torsion-free abelian group with finite rank, n. Choose
(1) a maximal independent set {g1, . . . , gn} ⊂ G; and
(2) for each p ∈ P , a Zp-basis {f (p)1 , . . . , f (p)np } for G∗p.
For each p ∈ P , let Ap = (f (p)i (gj)) ∈ Mnp×n(Zp). Then G is isomor-
phic to G((Ap)p∈P ).
Thus the finite-rank torsion-free abelian group G is completely de-
scribed by a sequence, indexed by the prime numbers, of matrices Ap
with entries in Zp. The rows of the pth matrix correspond to elements
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of a basis for G∗p. This fact places a restriction on the structure of Ap;
this restriction is expressed in terms of the following definition.
Definition 5.4. Let p be a prime, let m,n ∈ N, and let A ∈Mm×n(Zp).
Then define the column span of A to be
C(A) := spanZ{v/‖v‖p : v is a non-zero column of A},
where, for a vector v ∈ Znp , ‖v‖p is the maximum of the p-adic absolute
value of its entries.
Then, by Theorem 3.31, the matrices Ap in Proposition 5.3 have
the property that the column span C(Ap) of Ap is dense in Z
np
p . This
implies in particular that np ≤ n for all primes p.
Example 5.5. Let G be the group from Example 2.1. Then for p 6= 3,
by choosing the most obvious basis for G∗p, we can arrange for the
matrix Ap to be
(
1 0
0 1
)
. The 3-adic functional described in that
example gives rise to the matrix A3 = (1−λ, 1), where λ is the root of
x2 − 5x+ 3 = 0 for which |λ|3 < 1.
Example 5.6. Let G be the subgroup of Q2 generated by Z[1/2]⊕Z[1/3]
and Z[1/5]
(
1
1
)
. Then the obvious choices of bases for G∗2, G∗3, and G∗5
yield matrices A2 = (0, 1), A3 = (1, 0), and A5 = (1,−1). For p > 5, by
choosing the most obvious basis for G∗p, we can arrange for the matrix
Ap to be
(
1 0
0 1
)
.
Definition 5.7. Let P denote the set of primes and let n ∈ N. Suppose
that (mp)p∈P is a sequence of non-negative integers and (Ap)p∈P is a
sequence of matrices satisfying
(1) Ap ∈Mmp×n(Zp);
(2) either mp = 1 and Ap is the zero row in M1×n(Zp), or else
C(Ap) is dense in Z
mp
p (see Definition 5.4); and
Then let us refer to the matrices (Ap)p∈P as a factored form. If,
for some rank-n torsion-free abelian group G, it is true that G ∼=
G((Ap)p∈P ), then let us refer to the matrices (Ap)p∈P as a factored
form of G.
Remark 5.8. The matrices in the factored form of G are related to
Malcev’s matrices [13] (Malcev’s matrices were not originally expressed
as matrices with entries in Zp, but in [10] Kostromina demonstrates
that they can be equivalently described that way). Malcev’s matrices
(Mp)p∈P are square matrices, and they satisfy the condition that the
first n−np columns of ApM tp are zero, where Ap comes from a factored
form derived from an appropriate maximal independent subset of G.
The factored form is also related to the matrices of Kurosch [11].
Following the description in [5, Chapter XIII, Section 93], the matrices
28 GREGORY R. MALONEY
of Kurosch come from the tensor product G ⊗ Zp. This decomposes
(not necessarily uniquely) as a direct sum of a reduced part and its
non-reduced (i.e. divisible) subgroup. The divisible part is a Qp-vector
space and the reduced part is a free Zp-module. Let B be a maximal
independent subset of G. The coefficients in the ith row of the pth
Kurosch matrix express the ith element of B as a combination of basis
elements for the divisible and reduced parts of G⊗ Zp.
One main result of the present work is that the information from the
divisible subgroup of G⊗Zp is extraneous; that is, the last np columns
of the Kurosch matrices are enough to determine G completely.
It is possible to characterize the homomorphisms between factored
forms.
Proposition 5.9. Let (Ap)p∈P and (Bp)p∈P be two factored forms,
with each matrix Ap ∈ Mmp×m(Zp) and each matrix Bp ∈ Mnp×n(Zp).
Then a matrix V ∈Mn×m(Q) represents a group homomorphism from
G((Ap)p∈P ) to G((Bp)p∈P ) if and only if, for all p ∈ P , every row of
BpV lies in the Zp-module spanned by the rows of Ap.
Proof. The “only if” part of the statement is clear, because left multi-
plication by any row R of Bp is a p-adic functional on G((Bp)p∈P ), so
the composition g 7→ V g 7→ RV g is a p-adic functional on G((Ap)p∈P ),
and hence must correspond to a Zp combination of the rows of Ap.
For the “if”’ part of the statement, suppose that, for all primes
p, every row of BpV lies in the Zp-module spanned by the rows of
Ap. Pick g ∈ G((Ap)p∈P ). To show that left multiplication by V is
a homomorphism, it is enough to show that, if g ∈ pkG((Ap)p∈P ) for
some prime p and k ≥ 0, then V g ∈ pkG((Bp)p∈P ).
So suppose g ∈ pkG((Ap)p∈P ). By Definition 5.2, this means that
Apg ∈ pkZmpp . Thus if R′ is a row of Ap, then R′g ∈ pkZp. As any row R
of BpV is in the Zp-span of the rows of Ap, this means that Rg ∈ pkZp as
well, so BpV g ∈ pkZnpp , and by Definition 5.2 V g ∈ pkG((Bp)p∈P ). 
We are now in a position to state Theorem 5.10, the main classifica-
tion result. It says that every finite-rank torsion-free abelian group has
a factored form, and gives a characterization of isomorphisms between
factored forms. The first statement is a consequence of Proposition
5.3 and the discussion following it, while the second statement is a
consequence of Proposition 5.9.
Theorem 5.10. Any finite-rank torsion-free abelian group G has a
factored form.
Moreover, if (mp, Ap)p∈P and (np, Bp)p∈P are two factored forms,
then G((Ap)p∈P ) is isomorphic to G((Bp)p∈P ) if and only if the following
conditions hold.
(1) mp = np for all p ∈ P ;
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(2) there exists V ∈ GL(n,Q) such that, for all p ∈ P , Bp = UpAV
for some Up ∈ GL(np,Zp).
The matrix V in Theorem 5.10 should be thought of as a change
of basis matrix that represents a new maximal independent subset in
terms of the old one. The matrices Up should be thought of as change
of basis matrices that represent a new basis of the p-adic dual group in
terms of the old basis.
Remark 5.11. In order to check that two factored forms represent iso-
morphic groups, it is necessary to check infinitely many matrix equa-
tions. Specifically, condition (2) in the definition of a factored form
(Definition 5.7) implies that, if Bp is not the zero row, then BpB
t
p is in-
vertible over Qp. Thus the equation in Theorem 5.10 can be rearranged
to obtain
ApV B
t
p(BpB
t
p)
−1 = U−1p .(5.1)
So two factored forms represent isomorphic groups if and only if there
exists a matrix V ∈ GL(n,Q) such that, for each prime p, the matrix
on the left hand side of Equation 5.1 is an element of GL(np,Zp).
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